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ABSTRACT 

We present here a numerical method to compute the motion of rigid 

particles in fluid flow with a non-elastic impact law. Many methods have 

been proposed recently and different strategies have been used to 

compute such flows. Our motivation is the handling of the non-overlapping 

constraint in fluid-particle direct simulations. Each particle is treated 

individually and the Navier-Stokes equations are solved for the moving fluid 

by Fluent code which is based on the Finite Volume Method. The contact-

handling algorithm, which is implemented in a research C ++, is based on the 

projection of the velocity field of the rigid particles over the velocity field of 

the fluid flow. The method consists of imposing a constraint on the velocity 

field of the particles, as a guarantee that at each time step the calculated 

particle velocity field belongs to an eligible velocity field of the fluid. In this 

case study, an Uzawa algorithm has been applied. 

 
 

1. INTRODUCTION 
The motion of solid particles in Newtonian and non-Newtonian fluids is not only of 
fundamental theoretical interest but is also of importance in many industrial applications such 
as fuel systems for jet engines [1], combustion devices [2], oil cracking [3], slurry flows [4], 
food processing, building services [5] and pipelines [6]. In all these applications, if the particle 
density is significant, the interaction between the solid particles and the fluid flow associated 
to the turbulence effects is not yet well understood. 

From a mathematical and numerical standpoint, depending on the length scale at which 
the fluid-particle flows are described, different approaches are used to describe the behaviour 
of the two phases. Such problems have motivated the development of numerous algorithms, 
which can be broadly classified in two broad categories. The first approach is Eulerian-
Eulerian, based on a fixed mesh which covers the whole domain where the fluid may be 
present. Additional constitutive equations may be required to describe interactions between 
particles [7, 8]. 
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The second Methods type is Lagrangian-Eulerian based on a moving mesh, which deforms 
following the motion of the particle boundaries. To overcome the problems associated with 
complex geometry by using Cartesian grids throughout the domain, a fictitious domain 
method has been introduced [9, 10] These methods are based on penalty principles [11] It 
consists on constraining the movement of the fluid to be the same as the movement of a 
particle by increasing locally the viscosity of the fluid [12–14]. 

For particle simulation, the discrete element method (DEM) is often used. Models 
combining the discrete element method for particle modelling and an Eulerian approach to the 
fluid phase were introduced by Tsuji, Kawaguchi and Tanaka [15]. Since then this approach 
has been taken up and modified by many researchers [16–21]. This model is implemented on 
several commercial codes such as ANSYS® Fluent [22] and STAR-CCM+ [23]. 

The combined computational fluid dynamics-discrete element method (CFD-DEM) is a 
better and comparatively simpler framework for the simulations of fluid-particles flow [24].  
Although the discrete element method allows contact interactions to be taken into account, it 
has a major disadvantage, which is the need for very small time steps and it is limited by the 
maximum number of particles that can be simulated [25]. 

To overcome this problem, in this paper we have proposed a new contact model which is 
implemented in a research C++ program. This model is semi-implicit in time and is based on 
non-interpenetration conditions. The strategy adopted is to separate fluid resolution from 
contact handling. In order to avoid overlapping, the method consists on imposing a constraint 
on the velocity field of the particle, as a guarantee that at each time step the calculated particle 
velocity field belongs to an eligible velocity field of the fluid. The numerical procedure is 
based on the work of Lefebvre and Maury [26, 27]. 
 
2. CONTACT HANDLING PROCEDURE 
Let us detail the method in the case of spherical particles: we denote by 𝑋𝑋 = (𝑥𝑥𝑖𝑖𝑛𝑛)𝑖𝑖=1,𝑁𝑁 the 
position of particles (more precisely, the position of their gravity center) at time tn, by 
𝑉𝑉�𝑛𝑛 =  (𝑣𝑣�𝑖𝑖)𝑖𝑖=1,𝑁𝑁 the a priori translational velocity, by 𝛺𝛺�𝑛𝑛 =  (𝜔𝜔�𝑖𝑖)𝑖𝑖=1,𝑁𝑁 the a priori rotational 
velocity. As stated before, the a priori updated position of the particles, defined as 
 

𝑋𝑋𝑛𝑛+1 = 𝑋𝑋𝑛𝑛 + ∆𝑡𝑡𝑉𝑉�𝑛𝑛 + 1
2
𝛾𝛾𝑛𝑛∆𝑡𝑡2                                            (1) 

 
where 𝛾𝛾 is the acceleration, calculated from the Newton’s second law. Equation (1) may lead 
to non-admissible configuration, in the sense that the particles overlap. To avoid this, we 
project the velocities onto the following set: 
 

𝐾𝐾(𝑋𝑋𝑛𝑛) = �𝑉𝑉 ∈ 𝑅𝑅2𝑁𝑁,𝐷𝐷𝑖𝑖𝑖𝑖(𝑋𝑋𝑛𝑛) + ∆𝑡𝑡𝐺𝐺𝑖𝑖𝑖𝑖(𝑋𝑋𝑛𝑛).𝑉𝑉 + 1
2
𝛾𝛾𝑛𝑛∆𝑡𝑡2 ≥ 0,∀ 𝑖𝑖 < 𝑗𝑗�              (2) 

 
where 𝐷𝐷𝑖𝑖𝑖𝑖 is the distance between every two particles given as (see figure 1): 
 

𝐷𝐷𝑖𝑖𝑖𝑖(𝑋𝑋𝑛𝑛) = �𝑥𝑥𝑖𝑖𝑛𝑛 − 𝑥𝑥𝑗𝑗𝑛𝑛� − ( 𝑅𝑅𝑖𝑖 − 𝑅𝑅𝑗𝑗)                                     (3) 
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We denote by 𝐺𝐺𝑖𝑖𝑖𝑖(𝑿𝑿𝑛𝑛) ∈ 𝑅𝑅2𝑁𝑁 the gradient of this distance defined as: 
 

𝐺𝐺𝑖𝑖𝑖𝑖(𝑋𝑋𝑛𝑛) = 𝛻𝛻𝐷𝐷𝑖𝑖𝑖𝑖(𝑋𝑋𝑛𝑛) = (… ,0,−𝑒𝑒𝑖𝑖𝑖𝑖𝑛𝑛 , 0, … ,0, 𝑒𝑒𝑖𝑖𝑖𝑖𝑛𝑛 , 0, … )                            (4) 
 
and normal vector is defined as: 
 

𝑒𝑒𝑖𝑖𝑖𝑖𝑛𝑛 =
𝑥𝑥𝑖𝑖
𝑛𝑛−𝑥𝑥𝑗𝑗

𝑛𝑛

�𝑥𝑥𝑖𝑖
𝑛𝑛−𝑥𝑥𝑗𝑗

𝑛𝑛�
                                                       (5) 

 
At each time step, 𝑉𝑉 ∈ 𝑅𝑅2𝑁𝑁 is an admissible vector if the particles with velocity 𝑉𝑉 do not 

overlap at the next timestep: 
 

𝐸𝐸(𝑋𝑋𝑛𝑛) = �𝑉𝑉 ∈ 𝑅𝑅2𝑁𝑁, 𝐷𝐷𝑖𝑖𝑖𝑖 �𝑋𝑋𝑛𝑛 + ∆𝑡𝑡𝑉𝑉𝑛𝑛 + 1
2
𝛾𝛾𝑛𝑛∆𝑡𝑡2� ≥ 0,∀ 𝑖𝑖 < 𝑗𝑗�                           (6) 

 
We not that equation (2) is the linearized form of equation (6) and, furthermore, it can be 

shown that 𝐾𝐾(𝑋𝑋𝑛𝑛) ⊂ 𝐸𝐸(𝑋𝑋𝑛𝑛). It means in particular that particles with admissible velocities at 
time 𝑡𝑡𝑛𝑛 do not overlap at time 𝑡𝑡𝑛𝑛+1. 
 

 
Figure 1: Particles position. 

 
In order to avoid overlapping, the following splitting procedure is proposed: in a first step, 

we solve the variational problem without taking into account the possible overlapping of the 
particles (thus defining the a priori velocity of the spheres), then compute the projection of 
this a priori velocity onto the set of admissible velocities defined by equation (2). The 
constrained problem is formulated as a saddle-point problem, by using the introduction of 
Lagrange multipliers: 
 

�
𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 (𝑉𝑉𝑛𝑛,𝛬𝛬𝑛𝑛) ∈ ℝ2𝑁𝑁 × ℝ+

𝑁𝑁(𝑁𝑁−1)∕2  𝑠𝑠𝑠𝑠𝑠𝑠ℎ 𝑡𝑡ℎ𝑎𝑎𝑎𝑎
 ℐ(𝑉𝑉𝑛𝑛, 𝜆𝜆) ≤  ℐ(𝑉𝑉𝑛𝑛,𝛬𝛬𝑛𝑛) ≤  ℐ(𝑉𝑉,𝛬𝛬𝑛𝑛),    ∀ (𝑉𝑉𝑛𝑛, 𝜆𝜆) ∈ ℝ2𝑁𝑁 × ℝ+

𝑁𝑁(𝑁𝑁−1)∕2                (7) 
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with the following functional: 
 

ℐ(𝑉𝑉, 𝜆𝜆) =  1
2

 �𝑉𝑉 −  𝑉𝑉�𝑛𝑛�2 −  ∑ 𝜆𝜆𝑖𝑖𝑖𝑖�𝐷𝐷𝑖𝑖𝑖𝑖(𝑋𝑋𝑛𝑛) +  Δ𝑡𝑡 𝐺𝐺𝑖𝑖𝑖𝑖  (𝑋𝑋𝑛𝑛).𝑉𝑉�1≤𝑖𝑖≤𝑗𝑗≤𝑁𝑁                  (8) 
 

The number of Lagrange multipliers 𝜆𝜆𝑖𝑖𝑖𝑖 corresponds to the number of possible contacts. In 
particular, if there is no contact between particles 𝑖𝑖 and 𝑗𝑗, then 𝜆𝜆𝑖𝑖𝑖𝑖=0 and the Lagrange 
multiplier is not activated; conversely, if there is a contact between the two spheres, then 𝜆𝜆𝑖𝑖𝑖𝑖 
may be positive and the corresponding auxiliary field allows the velocity field to satisfy the 
non-overlapping constraint. The approximate reaction fields 𝛬𝛬𝑛𝑛 =  𝛬𝛬𝑖𝑖𝑖𝑖𝑛𝑛  is the dual component 
of a solution to the associated saddle-point problem. The interest in the procedure relies on 
the possibility to use any suitable solver for the computation of the dynamics. Contacts are 
handled at a second stage, without any consideration of the proper dynamics. At some point, 
it allows the use of any solver for the resolution of the dynamics problem: then the so-called 
predicted velocity field is projected onto the set of admissible velocity fields. 

This problem is solved by an Uzawa algorithm [28]. The computation of the admissible 
translation velocities by projection of the a priori velocities onto the set of admissible 
translational velocities is done as follows: 
 

𝑉𝑉𝑛𝑛 =   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 ��𝑉𝑉 −  𝑉𝑉�𝑛𝑛�2,𝑉𝑉 ∈ 𝐾𝐾(𝑋𝑋𝑛𝑛)�                                     (9) 
 
2.1. Falling of 50 Particles of Different Sizes on a Plane 
The computer implementation of the contact handling algorithm allows us to simulate the 
falling of 50 particles of different sizes on a plane (figure 2). This allows us to highlight the 
particle/particle and particle/wall contact. 
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Figure 2: Fall down of 50 particles of different sizes on a plane. (left: solid; right: 
particle velocities) 
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3. FLUID-PARTICLES SIMULATION 
3.1. Simulation of the water flow inside a pipe with obstacles without solid 
particles 
The incompressible Navier-Stokes equations are written in the following form. 
 

𝜌𝜌𝑓𝑓  �𝜕𝜕𝑢𝑢
𝜕𝜕𝑡𝑡

+  𝑢𝑢.𝛻𝛻𝑢𝑢� −  𝑑𝑑𝑑𝑑𝑑𝑑(𝜎𝜎) =  𝑓𝑓𝑓𝑓     𝑖𝑖𝑖𝑖 𝛺𝛺,

                                      𝑑𝑑𝑑𝑑𝑑𝑑 (𝑢𝑢) = 0     𝑖𝑖𝑖𝑖 𝛺𝛺,

                                                   𝑢𝑢 = 0     𝑜𝑜𝑜𝑜 𝛺𝛺,

                                    (10) 

 
where 𝜌𝜌𝑓𝑓 denotes the density of the fluid, 𝑢𝑢(𝑢𝑢1,𝑢𝑢2) the velocity of fluid, 𝜎𝜎 the stress tensor 
and 𝑓𝑓𝑓𝑓 = 𝜌𝜌𝑓𝑓𝑔𝑔𝑒𝑒𝑦𝑦 is the external force exerted on the fluid (gravity forces). 

We used a Fluent commercial code to solve numerically equation (10). A water flow 
through a circular pipe of constant cross-section with two singularities is considered (see 
figure 3). The radius of the pipe is R = 0.1 m and its length is L = 1m. The boundary conditions 
are (see figure 4): the parabolic profile of the inlet velocity 𝑉𝑉𝑧𝑧(𝑦𝑦) = 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 �1 − 𝑦𝑦2

𝑅𝑅2
� with 

𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 = 2.0 𝑚𝑚/𝑠𝑠, and the outlet pressure is equal to the atmospheric pressure, 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 = 1 atm. 
The figures 3 and 5 show respectively the stream lines and the velocity field. 

Figure 5 reveals the existence of two recirculation zones after the diaphragm and two 
others after the second obstacle of triangular shape. On figure 6 it can be seen that the velocity 
at the wall is zero and reaches its maximum in the throat section. Such a restriction of the 
passage section is in favour of the increase of the absolute velocity. 
 

 
Figure 3: physical domain 
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Figure 4: Boundary conditions 
 

 
Figure 5: Streamlines 
 

 
Figure 6: Velocity field 
 
3.2. Equation of Particles Motion 
The idea here is to consider the solid transport in fluid flow not as the flux of a continuous 
phase but as the superposition of the motion of individual particles. The motion of each 
particle is governed by Newton’s second law. 
 

𝑚𝑚𝑝𝑝
𝑑𝑑𝑈𝑈𝑝𝑝�����⃗

𝑑𝑑𝑑𝑑
=  𝐹⃗𝐹𝑔𝑔 + 𝐹⃗𝐹𝑚𝑚 + 𝐹⃗𝐹𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 + 𝐹⃗𝐹𝑇𝑇 + 𝐹⃗𝐹𝑃𝑃 + 𝐹⃗𝐹𝑔𝑔 + 𝐹⃗𝐹𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 + 𝐹⃗𝐹𝑎𝑎𝑎𝑎 + 𝐹⃗𝐹𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡            (11) 

 

where 𝑚𝑚𝑝𝑝 and 𝑑𝑑𝑈𝑈𝑝𝑝
�����⃗

𝑑𝑑𝑑𝑑
  are the particle mass and acceleration, respectively. The forces acting on 

the particles are listed in table 1 [29, 30]. 
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Table 1: Formulation and designation of the forces acting on the particle 
 

The developed code does not take into account the rotation of the particles, and also 
neglects the Basset history force. The force due to the acceleration of the fluid is not 
considered because we are in fully turbulent regime and steady flow for the fluid. 

In the literature, there are many correlations for calculating the drag coefficient of particles 
such as Brown and Lawler's [31, 32] and Flemmer and Banks [33]. In a fully turbulent regime 
the drag coefficient 𝐶𝐶𝑇𝑇 is independent of the particle velocity and Reynolds number [34]. 
Furthermore, a best and a good approximation equals 𝐶𝐶𝑇𝑇  ≈  0.44. 

According to Auton et al [35], the lift coefficient is taken as 𝐶𝐶𝑃𝑃  =  0.5. Turbulence is 
implemented by a turbulent force perpendicular to the direction of flow. It is proportional to 
the product of the flow velocity and the fluctuation of the imposed turbulent velocity, 𝑈𝑈𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 
[36]. 

 
3.3. Application: Particles/fluid Flow Simulation inside a Pipe with Obstacles 
By way of application we consider the simple 2D case of water flow inside a pipe with 
obstacles (see figure 3) in the presence of solid particles. 

All particles are initially injected using a Gaussian function at the pipe inlet. The particles 
diameter ranges from 10-2 m to 30-2 m. As soon as the particle is injected, the particle velocity 
is  projected over the flow field velocity space. For this case, 50 particles have been introduced 
into the flow. Figure 7 shows the evolution of the velocity field of the fluid and the motion of 
a solid particles over time. 

It is clear that the particles are carried by the flow of the fluid.  Some particles are trapped 
in the first obstacle. As it can be seen, most of the particles are close to the bottom wall. Such 
behaviour is natural since they are solid particles where the effect of weight prevails over other 
forces and the code takes into account buoyancy force. Nevertheless, the force is not always 
dominant, which allows some of the particles to follow the fluid flow and not to collide with 
the wall. This is due to the different size of the particles and the implemented turbulence effect. 
The existence of certain particles that follow the dynamics of reverse flow can be clearly 
distinguished.  This is a very interesting observation, since it highlights their behaviour in the 
recirculation zones. 
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Figure 7: Injection of solid particles: Configuration at different time steps 
 

4. CONCLUSION AND FUTURE WORK 
Computational fluid mechanics and structure mechanics are two major areas of numerical 
simulation of physical systems. With the introduction of high performance computing, it has 
become possible to tackle coupled systems with fluid and structure dynamics. Fluid-particle 
coupling presents several degrees of complexity. For the study of transport particle in fluid 
flows, it is recommended to use a Four-way coupling model, where the action of the particles 
on the fluid is taken into account, as well as inter-particle collisions. Collisions present severe 
difficulties in direct numerical simulations. In this paper we have proposed a strategy for the 
numerical modeling of solid transport by using a numerical tool which is efficient in the 
handling of contacts between particles.  

In this work, we simulated the transport of solid particles in a pipe with obstacles. To take 
into account the solid particles we integrated, in the code of contact handling, the equations 
of the solid dynamics by considering all the forces acting on a particle in a fluid flow. On the 
other hand, for the numerical resolution of the Navier-Stokes equations, we resorted to the use 
of a Fluent commercial code which is based on the finite volume method. 

This paper is a contribution to the numerical simulation of solid transport through the 
implementation of a Contact Handling Procedure. The achieved results also show the 
importance of the particle’s size, since the buoyancy force can be more dominant in certain 
cases. 

As part of this work, a method for simulating the transport of solids in a Newtonian fluid 
has been developed. This method is based on the Finite element method with penalisation of 
the tensor of deformation. The fluid behavior is governed by the Navier-Stokes equations 
within the investigation domain. 

Other major improvements regarding the finite volume in-house code, are its extension 
into three dimensional spaces. 
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